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Abstract

We show that given a reflecting cardinal, one can produce a model
of BPFA where the ¥!-uniformization property holds simultaneously
for all n > 2.

1 Introduction

Given A C w¥ x w*, we say that f is a uniformization (or a uniformizing
function) of A if there is a function f such that

dom(f) = pr1(A) = {x € 2* : Jy((z,y) € A}
and the graph of f is a subset of A.

Definition 1.1 (Uniformization Property). We say that the projective point-
class T € {ZL | n € wy U{IIL | n € w} has the uniformization property iff
every I'-set in the plane admits a uniformization whose graph is in ', i.e.
the relation (z,y) € f is in I

It is a classical result due to M. Kondo that lightface II}-sets do have
the uniformization property, this also yields the uniformization property for
Yi-sets. This is all ZFC can prove about the uniformization property of
projective sets. In the constructible universe L, for every n > 3, X1 does
have the uniformization property which follows from the existence of a good
wellorder by an old result of Addison (see [1]). Recall that a Al-definable
wellorder < of the reals is a good Al-wellorder if < is of ordertype w; and
the relation <;C (w*)? defined via

r<jye{(@), :newt={2:2<y}
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where (), is some fixed recursive partition of  into w-many reals, is a Al-
definable. It is easy to check that the canonical wellorder of the reals in L
is a good Al-wellorder so the 1-uniformization property follows for n > 2.
The very same argument also shows that inner models of the form L[U] for
U a normal, k-complete ultrafilter on x share the same L-like pattern for
uniformization.

On the other hand, large cardinal assumptions draw a very different pic-
ture. Due to the celebrated result of Moschovakis (see [14] 39.9), PD implies
that I1}, ; and X3, ,-sets have the uniformization property for n > 1. By
the famous Martin-Steel result (see [15], Theorem 13.6.), the assumption of
infinitely many Woodin cardinals outright implies PD, and hence large car-
dinals fully settle the behaviour of the uniformization property within the
projective hierarchy.

The connection of PD with forcing axioms is established via core model
induction. Under the assumption of the proper forcing axiom, Schimmerling,
Steelt and Woodin showed that PD is true (in fact much more is true, see
[17]), thus also under PFA the II}, ;-uniformization holds for n > 1. As
the uniformization property for one pointclass rules out the uniformization
property of the dual pointclass, the behaviour of sets of reals in L and under
PFA contradict each other.

It is natural to investigate uniformization in the presence of weaker
forcing axioms, the bounded proper forcing axiom BPFA (introduced by
Goldstern-Shelah, see [6]) being the paradigmatic example together with
Martin’s Axiom. A first step was taken in [10], where it is shown that BPFA
and “wj is not inaccessible to reals” outright imply that the boldface E%—
uniformization property holds. However Addisons result from 1959 has been
the only tool to obtain the L-like global uniformization pattern. As a con-
sequence the known universes which satisfy the ¥1 uniformization property
for all n > 1 are quite special, in particular they must satisfy CH, hence
BPFA fails in such universes.

The main goal of this paper is to produce a new method which will
force the L-like uniformization pattern. We will introduce a family of Y1-
predicates whose truth value can be switched from false to true using care-
fully designed forcings which are wi-preserving but not proper. These pred-
icates in turn will be used to define an iterated forcing construction yielding
a universe in which the ¥!-uniformization property holds for each n > 2
simultaneously. The definitions of the uniformizing functions are robust un-
der additional usage of proper forcings, which opens the possibility of forcing
BPFA simultaneously.

Theorem 1.2. Working in L, assuming the existence of a reflecting cardinal,
there is a generic extension of L in which BPFA and the XL -uniformization
property for every n > 2 are true.

The forcing method which yields the ¥} -uniformization property seems



to be quite flexible and we expect several further applications.

We end the introduction with a short description of how the article is
organized. Section 1 introduces the forcings we will use. This builds on
a technique first introduced in [12] which in turn relies on the notion of
mutual stationarity by Foreman-Magidor and Todorcevic’s argument that
PFA implies the failure of square. Section 1.3 sets up a coding machinery
which can be combined with the arguments for obtaining BPFA without
dangerous interferences. Section 2 introduces a family of ¥} -formulas which
we will use for the uniformization property. Section 3 explains the coding
method which produces universes with the L-like uniformization property,
and section 4 combines this method with the argument to obtain BPFA to
finally prove the main theorem of this work.

It belongs to a series of articles which devote themselves to the study of
the separation, the reduction and the uniformization property (see [8],[9], [10]
and [11]). We emphasize however that our arguments in this work (which
deal with the Y-side of uniformization) must differ substantially from the
arguments which deal with the Il-side, (as [8],[9] and [11]) as the two pictures
necessarily can not be combined within ZFC.

1.1 Mutually stationary sets

An algebra A on a cardinal A is a structure of the form (), f;)icw, where
for each i € w, f; : [\]<¥ — \. Typically, the f;’s will be definable Skolem
functions over structures of the form (H (), €, <) where < is a well-order of
H(#) and 6 is some regular cardinal. The following notion was introduced
by M. Foreman and M. Magidor in their seminal [5].

Definition 1.3. Let K be a collection of reqular cardinals whose supremum
is strictly below K, and suppose that S, C n for each n € K. Then the
collection of sets {S, | n € K} is mutually stationary if and only if for all
algebras A on k, there is an N < A such that

forallnpe KNN, sup(N Nn) € S,.

Foreman-Magidor ([5]) show that every sequence § = (Sy | n € K)
of stationary sets which concentrate on ordinals of countable cofinality is
mutually stationary. For a fixed sequence S of stationary sets, let Tz be the
collection of all countable N such that for all n; € N, sup(N Nn;) € S;.

Theorem 1.4 (Foreman-Magidor). Let (n; | i < j) be an increasing sequence
of reqular cardinals. Let S = (Si | i < j) be a sequence of stationary sets
such that S; € n; N Cof(w). If 0 is a regular cardinal greater than all n; and
A is an algebra on 0, then there is an N < A which belongs to the class Tg.

Hence S is mutually stationary.



From now on, we assume all stationary subsets of ordinals discussed in
this section are concentrated on countable cofinality. The corresponding
notion for being club in this context is that of an unbounded set which is
closed under w-sequences.

Definition 1.5. Suppose S = {Sy | n € K} is mutually stationary and that
for every n € K, Sy is stationary, co-stationary in n N Cof (w). We say
a forcing poset P is g—preseming if the following holds: Suppose 0 > 2P|
is reqular. Suppose M is a countable elementary submodel of H(0) with
{P,S5} C M and M € Tg. Suppose p € PN M. Then there exists a (M,P)-
generic condition q extending p.

We add some remarks concerning the notions:
1. Any proper forcing is ,S_"—preserving.

2. When K = {w;} and § = S C w, the definition of S-preserving is
identical to the usual definition of S-proper forcing.

3. Let S be such that each Sy € S is stationary, co-stationary in n N
Cof(w). Then an example of a non-proper, S preserving forcing is
the forcing poset Club(S,) for a fixed 7, i.e, the forcing which adds
an unbounded subset to .S; which is closed under w-sequences, via
countable approximations.

The preservation theorems for countable support iterations of proper
forcings can be generalized to S-preserving forcings.

Lemma 1.6. If (P;,Q; | i < «) is a countable support iteration of forcing
notions and for each i < a, Ikp,“Q; is S-preserving” then Py is S-preserving.

Proof. (Sketch, following the proof of [13], Theorem 31.15, in particular
Lemma 31.17) We will only need to show by induction on j < a that for any
N €Tz, if 4,(P;,Q; | i < ) € N, then:

(x)n For every qo € N N P; that is (N, Pj)-generic and every p € Vi such
that .
lkjpe(PANN)Ap[jeG,;

there is an (NN, P,) generic condition ¢ € P, extending qo, that is
qlJj=qoand qlrqp € Ga.

The statement (x) is identical to Lemma 31.17 in [13]. It can be checked
that the original proof also works here, which gives the iteration theorem
exactly as in the proof of Theorem 31.15. O

We will use club shooting forcings relative to definable sequences S of
mutually stationary sets to code information. These codings do not interfere
with the proper forcings we will use to work towards BPFA.



Definition 1.7. Let 1 be an inaccessible cardinal. Let S = (S; | i < k) be
mutually stationary. We say a forcing poset P is an S-coding if 6 < £ and
P = (Py,Qq | a < 0) satisfies the following:

o P is a countable support iteration.
e For any o < §, one of the followings holds:

1. Assume that « is inaccessible and P, is forcing equivalent to a
forcing of size less than or equal to a.' Assume that in VFe,
(Bg C a | B < 2%) is an enumeration of an arbitrary set X C
P(a). Then Qq is allowed to be the countably supported product
H5<2a Rg, where each Rg is itself defined to be

H Club(Sq.(841)425) X H Club(S4.(841)+2j+1)
JEBg j¢Bgs

using countable support.

2. In all other cases, we have that IFp,, Qq is proper.
Let i be an regular cardinal, we say P is an 17—5_" coding if (1) is replaced by

(1’) « > n is inaccessible and P, is forcing equivalent to a forcing of size
less than or equal to o In VEa (Bg | B < 2% is an enumeration
of Pla ) Then Qg is allowed to be the countably supported product
[15<2a Rp where each Ry is itself

H Club a-(8+1) +2] X H Club (ﬂ+1)+2j+1)'
jEBﬁ j¢35

By Lemma 1.6, once we can show that every factor of an g—coding is
§—preserving, we can deduce that if P is a §—coding forcing, then P is S-
preserving. This assertion follows from the proof of the next lemma which
says that we will not accidentally code unwanted information whenever we
use a g—coding forcing.

Lemma 1.8. Suppose that S is stationary, co-stationary. Suppose P is an
S-coding forcing. Then for any i € k, the followings are equivalent:

(a) IFp Si contains an w-club.

(b) there are B,cv,j and sets Bg € X C V, such that j € Bg if B+ (o +
1)+2j=1iandiis even and j ¢ Bg if - (a+1)+2j+1=1 andi
s odd.

We say two forcing P and Q are equivalent if their Boolean completions B(P) and
B(Q) are isomorphic.



Proof. ((b) — (a)) Follow from the definition of the forcing.

((a) = (b)) Fix an ¢ and assume without loss of generality that ¢ is even.
Write i = 8- (o + 1) + 25 and suppose for a contradiction that j is not an
element of Bg. By the definition of S coding forcing, we must have added
a club through Sg(q41)42;4+1 instead. Let T be the sequence (T, | k < R),
where Ty, = Si if k # i and T; = n; \ S;. It follows from Theorem 1.4 again
that T is mutually stationary. We will prove that P is T -preserving to derive
a contradiction. Indeed, we shall see that T -preservation implies that 7; \ S;
must remain stationary after forcing with P, yet P I+ “S; contains an w-club”
which is impossible.

To see that T' preserving forcings preserve the stationarity of every S,, €
T, we only need to note that for any name C' of a subset of n; which is un-
bounded and w-closed, and any countable elementary substructure N which
contains C' and for which sup(N N ;) € Sy, any (N, P)-generic condition ¢
forces C' N (Sy,) # 0.

Next we show by induction that each Qg is forced to be T- preserving.
Work in V[Gg]. If QB/G,B is proper, then it is also T—preservmg Other-
wise, (1) holds. Now Qg /Gp is a countable support product of club adding
forcings. Fix any N € Tz which is a countable substructure of H (0)VIGsl,
For any p € NN Qg, we can construct a countable decreasing sequence of
conditions (p, | n < w) meeting all dense set in N. Define ¢ coordinatewise
by setting ¢(j) to be the closure of | J,, ., pn(j) if i € N and trivial otherwise.
Note that any non-trivial ¢(j) is equal to | J,, ., pn(j) U{sup(IN Nn;)}, where
n; = sup(S;) is a regular cardinal. As N € Tz we have sup(N Nn;) € Sj,
whenever ¢(j) is non-trivial. Hence ¢ < pis a condltlon witnessing that each
factor of the iteration is T—preservmg, so the iteration P is T' -preserving as
well. But now S; must remain stationary after we forced with P, which is a
contradiction to (a). O

The proof also shows that g—coding preserves stationary subset of wy if
sup(Sp) > wi. As a Corollary of Lemma 1.8 and the definition of S-coding,
in any generic extension by g—coding and any even ¢, at most one of 5; and
Si+1 contains a club.

The next lemma follows immediately from the definitions so we skip its
proof.

Lemma 1.9. Suppose P = (Pa,Qa | @ < 9) is a countable support itera-
tion. Suppose for any o > 0, Qu is forced to be nq- -S coding of length (),
where 1o = max{|Pa|", Xs<al(B)}. Also let ny be regular. Then P is forcing
equivalent to an g S coding.



1.2 Specializing threads through [l-sequences

We will briefly present a celebrated theorem, due to S. Todorcevic, which
we use to find Xj-definitions of regular L- cardinals. The argument is again
entirely due to Todorcevic (see [19]).

Theorem 1.10 (Todorcevic, see [18|). Let k > wy be a regular cardinal and
let T' C K be a set of limit ordinals such that {6 < k| ¢f(§) = w1} CT. Let
(Co | @ € T} be a sequence of subsets of k such that

1. Va el C, C a and Cy is a club,
2. if B is a limit point of Cy, then B €' and Cg = C,, N B.

3. There is no club C' C k such that if a is a limit point of of C, then
ael and C, =CnNa.

Then there is a proper forcing T® such that T" forces that in the generic
extension, there is a closed subset D of k of ordertype wy and a function f :
D — w such that for all o, B, if o, f € D and o € lim Cg, then f(a) # f(B).

sketch of a proof. For a, 8 € I' we let § <7 « if and only if 8 is a limit point
of Cy,. This induces a tree ordering on I

Next we turn to some very useful definitions. For a regular, sufficiently
large cardinal A, an elementary chain (M, < H(A) | @ < wy) is a sequence
of elementary submodels of H () which additionally satisfies that M, C Mg
and M, € Mg whenever a < 3; and M, = U5<a Mg if o is a limit ordinal.

We now define the desired forcing T*, which is a prototype for the ex-
tremely useful class of forcing with side conditions, as follows: A condition
p € T is a pair ((Ny | @ € E), f) where

1. Eisafinite subset of w; and there is an elementary chain (M, | o < w)
of countable, elementary substructures of H(k™) such that N, = M,
for each o € E.

2. f is a specializing function, i.e. if oy, := sup(N, Nk then f is a
function from {dn, | @ € E} into w such that f(vy) # f(J) whenever
v <t 9.

The key assertion is now that T* is proper provided we assume that there
is no k-chain in the tree T on T'.

Assuming that T® is proper, it is standard argument to verify that P
indeed adds an wi-closed set D and a specializing f : D — w. ]

From now on we assume that 0% does not exist. Let (C, | a € Sing} be
Jensen’s global [-sequence in L; here Sing denotes the set of limit ordinals
a for which cf(a)l < a. Recall that



1. Yo € Sing(C,, C «) and C,, is club.
2. Vo € Sing(0.t.(Cy) < a).
3. VB € Lim(Cy)(B € Sing A Cg = Cy N B).

We define a tree T' on Sing via setting o <7 3 iff o is a limit point of Cj.
Note that for a cardinal A, the tree for the corresponding [Jy-sequence does
not have a A*-branch, thus [y satisfies the three properties from Todorce-
vic’s theorem. As a consequence, the proper poset T " adds a closed set D
in (AT)% of ordertype w; and simultaneously specializes the tree T restricted
on ordinals in D, i.e. the forcing adds a function f : D — w such that for
a,B €D, if a<p B then f(a) # f(B).

Consider now the ¥;-formula ¥ (x, y) which says that x is a set of ordinals
which are all singular in L, x is closed and of ordertype wi; vy is a function
from x into w such that y(«) # y(B) whenever «, f € x and a € lim Cp.

We claim that if § = sup(D) and D C ' < w9, and if f : D — is such
that for o, 8 € D, if a <p ( then f(a) # f(5), then #' is a regular cardinal
in L.

Indeed assume 6’ were singular in L, then Cy would have been defined,
so D Nlim Cy is uncountable. In particular, there is o < § € D such that
f(a) = f(B), yet a <p 8, which is a contradiction. To summarize:

Theorem 1.11. For every L-regular cardinal k, there is a proper forcing
denoted by T and a X1-formula ¢ such that in the generic extension V[T,

V[T"] = ¢(k) < & is a regular cardinal in L

1.3 Coding machinery

When applied over L, the §—coding forcings can be used to surgically alter
the truth-value of certain projective formulas. These formulas and the S-
coding forcings will be used to form projective predicates ®,, ,,, for n,m € w,
where each ®,, ,,, is a ¥l -formula which will eventually serve as our graph of
our uniformizing functions for A, ,,,, where A, ,, is the m-th E}L—set in the
plane.

We first describe how to use the g—coding forcings to obtain suitable X!-
predicates, whose truth-value can be manipulated using the right forcings.

We work over L as our ground model. Let r € L be a real. Note that
over L there is a sequence

S = (S, | a € Lim)
uniformly definable satisfying

e S, Cu



e If o is a regular cardinal, then S, is stationary co-stationary in o N

Cof(w).

The existence of such a sequence (S, | @ € Lim(d)) follows from the fact
that <, holds in L for any L-cardinal A\ and is a routine construction.

We aim to find first a Li-formula ® such that L = —32®(z), yet for n €
Ord there is a coding forcing Code(r,n) € L such that after forcing with
Code(r,n), in the resulting universe L[Code(r,n)] = ®(r) and Vs(s # r —
—®(s)) does hold.

The desired forcing Code(r, ) will be itself a three step iteration denoted
by Q°(r, 77)*(@1 (r,m) *Q2(7’, n), where the first and second factor are iterations
themselves, and we will describe it now. Given our real r» and n € L such
that n is a limit cardinal in L, we first look at the w-block of L-cardinals
which follow 7, that is we form the interval [n, (n7)%).

The first factor of the iteration, denoted by QY(r,n), will use a fully
supported w-length iteration, with T7" for i € w as factors. Consequentially,
after forcing with this partial order, each L-cardinal in the interval [n,n™*)
is ¥;-definable using w; as the only parameter in its definition.

For the second factor of our coding forcing we first identify the real r
with the according subset of w and form the second factor of Code(r,n) as
follows:

Q'(r,n) = [ [ Club(Sy425) x [ ] Club(Sy42541)
jer j¢r
using countable support.

After the two forcings are done we define (in the resulting generic exten-
sion) X C w to be the <-least set (in some previously fixed well-order of
some sufficiently large H(#)) which codes the following objects:

e The <-least set of closed sets of 7% of ordertype w; and the according
specializing functions, both added with the factors of the forcing of
the form T7"". These sets together ensure the Xi-definability of the
L-cardinals in the interval [n, n™).

e And w-many w-closed, unbounded subsets through some of the canon-
ically definable stationary sets S+ C 77" N cof (w). These w-closed
sets are so chosen that the characteristic function of r can be read off.
That is we collect {c,+i C Sy+i : i =2nAn ¢ r} and {c,+i C Sp+i :
i=2n+1Aner}.

As mentioned already, when working in L[X] then we can read off r
via looking at the w-block of L-cardinals starting at n and determine which
canonical L-stationary set S, +: contains an w-closed, unbounded set in L[X]:

(x) n € rif and only if Sy+@en+1) contains an w-closed unbounded set, and
n & r if and only if S, +(2n) contains an w-closed unbounded set.



Indeed this follows readily from Lemma 1.8.

We note that we can apply an argument resembling David’s trick in this
situation. We rewrite the information of X C wy as a subset Y C w using
the following line of reasoning. It is clear that any transitive, N;j-sized model
M of ZF~ which contains X will be able to correctly decode out of X all the
information. Consequentially, if we code the model (M, €) which contains
X as aset Xjr C wi, then for any uncountable 3 such that Lg[X/] = ZF~
and X/ € LB[XM]3

Lg[X ] = “The model decoded out of X/ satisfies (x)”.

In particular there will be an Ni-sized ordinal 8 as above and we can fix
a club C C w; and a sequence (M, : a € C) of countable elementary
submodels of Lg[X )] such that

Ya € C(Ma < LB[XM] AN M, N wy :a)

Now let the set Y C wy code the pair (C, X)s) such that the odd entries of
Y should code X and if Yy := E(Y) where the latter is the set of even
entries of Y and {c, : @ < w1} is the enumeration of C' then

1. E(Y)Nw codes a well-ordering of type cq.

2. E(Y)N[w,co) =0.

3. For all 8, E(Y) Ncg, cg +w) codes a well-ordering of type czy1.
4. For all B, E(Y) N [cg 4+ w,cpq1) = 0.

We obtain

(¥%) For any countable transitive model M of ZF~ such that w] = (wi)M
and YNw}? € M, M can construct its version of the universe L[Y Nwi],
and the latter will see that there is an 8{/-sized transitive model N €

L[Y Nwi¥] which models (x) for r and .

Thus we have a local version of the property (x).

We know define the third, and last factor of Code(r,n), working in
LIQ°(r,n)][Q}(r,1)] we shall define Q%(r,n) as follows. We use almost dis-
joint forcing A p(Y") relative to our previously defined, almost disjoint family
of reals D € L (see the paragraph after Definition 2.5) to code the set Y C w;
into one real r. This forcing only depends on the subset of w; we code, thus
Ap(Y) will be independent of the surrounding universe in which we define
it, as long as it has the right w; and contains the set Y.

We finally obtained a real R such that
(¥#%) For any countable, transitive model M of ZF~ such that wj! = (wf)M
and R € M, M can construct its version of L[R] which in turn thinks
that there is a transitive ZF~-model N of size 8 such that N believes
(x) for r and 7.

10



Note that (##x*) is a II}-formula in the parameters R and r. We will often
suppress the setsr,n when referring to (x*x) as they will be clear from the
context. We say in the above situation that the real r is written into S , or
that r is coded into S (at 1) and R witnesses that r is coded (at 7).

The projective and local statement (kxx), if true, will determine how
certain inner models of the surrounding universe will look like with respect
to branches through S. That is to say, if we assume that (s#x) holds for a
real r and is the truth of it is witnessed by a real R. Then R also witnesses
the truth of (xxx) for any transitive ZF~-model M which contains R (i.e.
we can drop the assumption on the countability of M). Indeed if we assume
that there would be an uncountable, transitive M, R € M, which witnesses
that (sxx) is false. Then by Lowenheim-Skolem, there would be a countable
N < M, R € N which we can transitively collapse to obtain the transitive
N. But N would witness that (s#x) is not true for every countable, transitive
model, which is a contradiction.

Consequentially, the real R carries enough information that the universe
L[R] will see that certain L-stationary sets from S have clubs in that

n € r = L[R] = “S, +@n+1) contains an w-closed unbounded set”.
and
n¢r = L[R| | “S,+@n contains an w-closed unbounded set”.

Indeed, the universe L[R] will see that there is a transitive ZF~-model N
which believes (x). The latter being coded into R. But by upwards -
absoluteness, and the fact that N can compute S correctly, if N thinks that
some L-stationary set in S contains an w-closed, unbounded set, then L[R]
must think so as well.

2 Suitable Xl-predicates

We shall use the Z%—predicate “being coded into S (we will often write just
“being coded” for the latter) to form suitable Yl-predicates ®" for every
n € w. These predicates share the following properties:

1. L = VY= (9" (x))

2. For every real x € L, there is a coding forcing Code"(x) € L such that
after forcing with it, L[Code"(x)] = ®"(z), and for every real y # x,
L[Code™(z)] = ~@"(y).

Most importantly, these properties remain true even when iterating the cod-
ing forcings Code™(z;) for a sequence of (names of) reals.
The predicates ®"(z) will be defined now.

11



= Jao((z,y, m, ag) is coded into ).
= daoVaq((x,y, m,ap,ar) is not coded into 5)
= dapVayJaz((z,y, m, ag, a1, az) is coded into §)

= JagVaiJagas((x,y, m, ag, a1, as, as) is not coded into g)

o ®2"(x,y,m) = JagVay...Vas, ((z,y,m, ag, ..., az,) is not coded into g)

o ®2Fl(z y m) = JagVai...3a2,41((z,y, M, ag, ..., azn11) is coded into
S).

Each predicate ®" is exactly ¥1. In the choice of our ¥!l-formulas ®"(x),
we encounter again a periodicity phenomenon, that is two different cases
depending on n € w being even or odd, a theme which is pervasive in this
area. It is clear that for each predicate ®" and each given real = there is
a way to create a universe in which ®"(x) becomes true using our coding
forcings. We just need to iterate the relevant coding forcings using countable
support.

Lemma 2.1. Let n € w and let x be a real in our ground model L. Then
there is a forcing Code™ () such that if G C Code™(x) is generic, the generic
extension L|G] will satisfy ®™(x) and for every y # x, L|G] = =®"(y). This
property can be iterated, that is it remains true if we replace L with L[G] in
the above.

3 Based forcing

This section introduces a suitable collection of forcings, dubbed based forc-
ings, which we use for the proof. As we proceed in our iteration, we simulta-
neously refine based forcings, via adding more and more constraints, yielding
a decreasing hierarchy of a-based forcings.

As a first step, we shall consider the problem of forcing the ¥}-uniformization
property over universes which satisfy the anti-large cardinal hypothesis that
wyp = wlL (or more generally satisfy that w; is not inaccessible to reals).
Recall our ¥i-predicate ®3(x) defined in the last two sections, and the at-
tached coding forcing Code(x). There is a very easy strategy to force the
Z%—uniformization property for universes V' which satisfy wy = w{: provided
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V thinks that ®3(z) does not hold for every real 2 € V: we pick some book-
keeping function F' € V which should list all the (names of) reals in our
iteration and at each stage 3, under the assumption that we created already
V[Gg), if F(B) lists areal € V[Gg] and a natural number k, we ask whether
there is a real y such that

VIGs] E or(,y)

holds, where ¢y is the k-th E;’—formula. If so, we pick the least such y
(in some fixed well-order), and let the value of the desired X}-uniformizing
fr(x) to be y. Additionally we force with Code(x,y,k) over V[Gg] and
obtain V[Gg11]. The resulting universe V[G 1] will satisfy that ®(x,y, k)
is true, whereas ®3(z,7/, k) is not true for each y' # y. Moreover, because
of upwards absoluteness of ¥1-formulas, this property will remain true in all
further generic extensions we create.

If we iterate long enough in order to catch our tail, the final model V[G]
will satisfy the Eé—uniformization property via

fk(x) =y <= Q)g(gj,y, k)

To summarize, the easy strategy to force Eé—uniformization is to consider at
each step some z-section of some Xi-set Ay C w* x w*, and if non-empty,
pick the least y for which Ag(x,y) is true. Then force to make ®3(z,y, k)
true and repeat.

Based forcings use this strategy for $1-sets, while putting no constraints
on Xl-sets for n > 3. Anticipating that we aim for a universe of BPFA, we
let k be the least reflecting cardinal in L.

Definition 3.1. Let A < k and let F : A — H (k) be a bookkeeping function.
We say that an iteration (Pg,Qg | B < A) is (0-)based with respect to F
if the iteration is defined inductively via the following rules: Assume that
FB) = (ab,3,k) where & is a Pg-name of a real and koa Ps-name of a
natural number. Also assume that V[Gg) = Jy(psr(x,y)) and let g be the
<-least name of such a real in some fixed well-order of H(k). Then let Qgﬂ be
Code(z,y,3,k). If VIGg] = Fy(dsk(x,y)) is not true use the trivial forcing.

Otherwise, we let the bookkeeping decide whether it provides us with a
some reals y, ag, ai, ..., a, and whether a tuple of the form (x,y, ag, ..., an, m, k)
s coded or not.

3.1 Strategy to obtain global -uniformization

We shall describe the underlying idea to force the global ¥-uniformization.
The definition of the factors of the iteration will depend on whether the for-
mula ¢, we consider at our current stage is in ¥3, or in ¥3,,; where n > 2.
We start with the case where ¢, appears first on an odd level of the projec-
tive hierarchy. Assume that ¢, = JagVa1Jas...Jaz,—2¢(x,y, ap, a1, ...az,) is
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a E%nﬂ—formula (where (x,y, ag, ...az,) is a I3-formula quantifying over
the two remaining variables ag,—1 and as,) and z is a real. We want to find
a value for the uniformization function for ¢,, at the z-section.

To start, we list all triples of reals ((x,y°, ad), (z,y', a), (x, 92, a3), ...) ac-
cording to some fixed well-order <. There will be a <-least triple (z,y%, af)
for which Va;3az...3a2,—2¢(z, ¥y, af, a1, az...) is true, otherwise the z-section
would be empty and there is nothing to uniformize.

The goal will be to set up the iteration in such a way that all triples
(z,y? ,ag ), B > a will satisfy the following formula, which is 13, 41 in the

parameters (z, y”, ag, m) as is readily checked:
ValElagVag..Elagn_g((a;,yﬁ,m, ag, ai,ag...,az,—2) is not coded into 5_")

At the same time the definition of the iteration will ensure that (z,y%, af)
will satisfy

JdaiVag3as.. Vagn—2((x,y*, m,ay, a1, az..., azn—2) is coded into S).

Provided we succeed, the pair (x,y®) will then be the unique solution to the
following formula, which is %3 41, and which shall be the defining formula
for our uniformizing function:

Oodd(2,y, m) = ag(VarJas...vh(x, y, ap, ar, ... )A
(Va1 3as...((x,y, m, ag, a1, az...) is not coded into S))

Indeed, for all 8 > a, (x,y” ,ag ) can not satisfy the second subformula of

WU whereas for all g < a, (az,yﬂ ,ag can not satisfy the first subformula, as

(x,y%, af) is the least such triple.

If we assume that ,, is on an even level of the projective hierarchy
we will define things in a dual way to the odd case. Assume that ¢, =
JagVai3as..Vag, 3 (x,y, ag, a1, ...az,—1) is a X3 formula and z is a real.
We want to find a value for the uniformization function for ¢, at the x-
section.

Again, we list all triples of reals ((z,v°,ad), (z,y', ad), (z,9?, a3), ...) ac-
cording to some fixed well-order <. There will be a <-least triple (z,y%, af)
for which Va;3as...Vag,—3¢(z,y*, af, a1, az...) is true, otherwise the z-section
would be empty and there is nothing to uniformize.

The goal will be to set up the iteration in such a way that all triples
(:U,yﬁ,ag), B > « will satisfy the following formula, which is I}, in the

parameters (z,y”, ag, m) as is readily checked:
YaiJasVas...Jagn—3((z, y® . m, ag, ai,az...,az,—3) is coded into §)

At the same time the definition of the iteration will ensure that (z,y%, af)
will satisfy

Jda1Vag3as...Jaz,—3((x, y*, m,ag, a1, as..., azp—3) is not coded into §)
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Provided we succeed, the pair (z,y®) will then be the unique solution to the
following formula, which is 33, and which shall be the defining formula for
our uniformizing function:

Oeven (T, Yy, m) = Jag(VaiJasz...1p(z,y, ag, a, ... )A

—~(Vay3ay...((x,y, m, ag, ay, as...) is coded into S))

3.2 Definition of the iteration according to the strategy.

We shall elaborate on the ideas presented in the last section. Our goal is to
define an iteration such that our formulas oeyen, and ooqq work as defining
formulas for the uniformization functions. Later we will combine these ideas
with the standard iteration to obtain BPFA from a reflecting cardinal to
finally finish the proof of the main theorem.

We will need the following predicates. For an arbitrary real x, list the
triples (z,v°, ad), (z,9',a}), (z,92, a3),...) according to our fixed well-order
<. For each ordinal a < 2% we fix bijections 7 : (280)® — 2% (we assume
w.l.o.g that such a bijection exist as we always force its existence with a
proper forcing).

We say

U(#, x,y*, ag, b1, ..., by) is true

if for every 8 < a, if we let 7 1(bF) = (cg)5<a then w(x,yﬁ,ag, Cé, czﬁ, v Cg)
is true, where 1 is a IIi-formula. Note that strictly speaking, ¥ is not first
order as it is a conjunction of a-many formulas. We will use coding to create
a projective predicate which is true whenever ¥ is true.

Let F': k — H(A) be some bookkeeping function in L which shall be
our ground model and which guides our iteration. We assume that we have
defined already the following list of notions:

e We do have the notion of ag-based forcings, which is a subset of the
set of based forcings. There is a set of tuples of reals which is tied to
the ag-based forcings and which consists of tuples of reals we must not
use in coding forcings anymore as factors of an ag-based forcing.

e We defined already our iteration Pz € L up to stage f3.
e We picked a Pg-generic filter G5 for Pg and work, as usual, over L[Gpg].

The bookkeeping function F' at 8 hands us an w-tuple (&, 1, [,bo, by, bo, )
where # and i)n are Pg-names of a reals and 7 and [ are both Pg-names of
natural numbers (in fact at each stage we will only need finitely many of
those names of reals, and the rest of the information will be discarded). We
let = 9%, and define b,, m, [ accordingly. Our goal is to define the forcing
Qg we want to use at stage 3, and to define the notion of ag + 1-allowable
forcing. We consider various cases for our definition.
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3.2.1 Casel

In the first case, writing ¢, = JagVai...Jagn—2v¢(z,y, ag, ..., azn—2), where
¢ is a Hi-formula (and ¢y, is a 33, | formula for n > 3) we assume that
the bookkeeping F' at 8 hands us a tuple c1, ...co,—2 of real numbers, =, and
a < 2% with the assigned reals ag and y“.

Recall that we have our fixed bijection 7, : (2%0)® — 2%0 (note that such
a bijection exists at least in a proper generic extension, so we pass to that
universe if necessary) We assume that

Y(x,y,ag,c1, ..., Con—2) is true.

We first define ag + 1-based forcings as just ag-based with the additional
constraints that we must not use any forcings of the form

COde(#wa xz, yla a%)a €1,€2, ..., 6271—2)

as a factor of our iteration, where i > « and eq,eo, ..., €9,_o are such that
there are reals Té,r{, ...,’I“g with 75 = ¢; and m(ré, ...,’I“Z]-) = ¢; for every
j€l,2n—2].

We use the coding forcing

COde(#wa z, yaa aga g1, 92, "'7927172) =: Q,B

as the p-th factor of our iteration, where ¢y, ..., gop—o are reals which we
are given by the bookkeeping and such that W(#, z,y%, af, g1, ..., gan—2) is
true.

If W(#y,z,y% af, g1, ..., gan—2) is not true, then pick the <-least tuple
g1, ..., gan—2 ) such that U(#y, z,y%, af, g1, ..., gan—2) is true. If there is no
such tuple then do nothing.

The upshot of this definition is the following. Suppose we iterate follow-
ing our rules, and in the final model L|G,], JagVa;...3a2,—29(x, y, ag, a1, ..., a2n—2)
is true and (z,y, ag) is the <-least triple witnessing this. Then also

Haoval..aagn_g((#¢, TyY, A0, A1y -eey CLQn_Q) is coded)

is true in L|G,] by the rules of the iteration. At the same time for every
(x,y",af) > (z,y,a0) and for every real ¢; there will be a real bl, such that
for every c3 there is a further b} and so on such that (z,y”, ag, #v, c1, 05, ...)
is not coded.

3.2.2 Case 2

We again let ¢,, = JagVay...3as,—2¢(x,y, ag, ..., a2n—2) and we assume that
the bookkeeping F' at § hands us a tuple ¢y, ...cop_2 of real numbers, x, and
a < 2% with the assigned reals ag and y<.
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We assume that

Y(x,y,ay,c1, ..., Can—2) is not true.

In this situation we force with the trivial forcing at the g-th stage and do
not define the notion of ag + 1-based forcing. Instead we continue working
with ag-based forcings.

3.2.3 Case 3
This is the dual case to the first one. We assume that

Pm = Elaovab "'?va’Zn(d}(l’a Y,ag, ..., a2n73))

that is ¢, belongs to an even projective level. We assume that the book-
keeping F' at B hands us a tuple ci, ...co—3 of real numbers, =, and o < 2%0
with the assigned reals af and y©.

We assume that

Y(z,y*, ag, c1, ..., can—3) is true.

First we define the -the factor of our iteration. We force with

COde(#wv Z, yia CL%), €1,€2, ..., 6277,*3) = @ﬂ

where ¢ > « and ey, e, ..., e9,_3 are reals given by the bookkeeping which
have the property that there are reals rg, 7‘{, e rg with rf, = c; and ﬂ'i(T‘g, v rf) =
e; for every j € [1,2n — 3.

Next we define the notion of ag + 1-based which should be ag-based and
the additional constraint that

COde(#¢a Z,Y,0,0d1,92y - 92n73) = Q,B

must not be used as a factor of any future forcing we use in our iteration.
Here g1, ..., gon—3 are reals which we are given by the bookkeeping with the
property that W(#¢, z,y%, af, g1, ..., g2n—3) (see at the beginning of section
2.2 for a definition of ¥) holds true.

3.2.4 Case 4

This is the same as in case 2. We find ourselves in the situation where
Y(z,y*, af,c1, ..., can—3) is not true. Then we do nothing.

This ends the definition of our iteration. We shall argue later, that the
definition works in that it will produce a universe where geyen and oyqq serve
as definitions of uniformizing functions, when applied in the right context.

Definition 3.2. Let I : k — H()) be a bookkeeping function. We say that
an iteration (Pg, Qg | B < k) is suitable if each factor of the iteration either
is proper or each factor is obtained using F and the four rules described
above.
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4 Proving the main theorem

Recall first that  is reflecting whenever it is regular and such that Vj is
Yg-elementary in the universe V. We let k be the least reflecting cardinal
in L. We let F : Kk — H(k) be such that every element of H(x) has an
unbounded pre-image under F'. We assume that we arrived at stage 0 < &
of our iteration and will describe what to force with now.

4.1 Definition of the iteration. Odd stages

Assume that F'(8) hands us names such that they evaluate with the help of
our current generic G to a tuple (#v,x,y%, af,c1, ..., Cn, ..., ) Where #1) is
the the Godelnumber of a ¥} -formula and x, y%, ag,ci,...) are reals.

In this situation we just follow the one of the four cases in the definition
of suitable forcings which applies.

4.2 Definition of the iteration. Even stages.

We work towards BPFA on the even stages of the iteration. Recall that due
to J. Bagaria (see [2]) BPFA is equivalent to the assertion that H (wq) <5, VF
for any proper forcing P. We shall work towards Bagaria’s reformulation of
BPFA adapting the usual way.

Assume that the bookkeeping F' at stage $ hands us a ¥i-formula o and
parameters po, ..., p; of o which are elements of P(wi) N L[Gg]. We ask of
o(po, ---, p1) whether it holds in a suitable generic extension of L[G]. If yes,
then as k is reflecting, there is such a forcing already in L.[G]. Moreover
the witness to the true ¥;-formula can be assumed to have a name in L, [Gg].
We fix a v < k such that L, is Ya-elementary in L, which implies that also
L, [Gg] is Lo-elementary in L, [Gg]. Hence the suitable forcingQ which forces
a(po, ---, p1) to become true can be assumed to belong to L,[G ] already. We
force with QQ at stage [ then.

4.3 Properties of the defined universe

Lemma 4.1. Let G, denote a generic filter for the full, k-length iteration.

1. Then L|G,]| satisfies that whenever @, = JagVay...3asn—2v(x,y, ag, ..., a2n—2)
and (x,y%, af) is such that

L[GH] ': Spm(x7 ya, CLSZ)
Then for each B > «

LIG] = Valﬂag...ﬂagn_z((#w,x,yﬁ,ag,al, wy A2p—2) 18 Mot coded )
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2. If m = FJaoVai...3azn—39(z,y, ao, ..., a2n—3) and (x,y", af) is such
that
LIGi] = om(z, y*, ag)

Then for each B > «

LGk E Valﬂag...ﬂagn_g((#w,x,yﬁ,ag,al, vy Q2p—3) s coded )

Proof. We will only proof the first item, as the second is shown in the dual
way. Let a; be an arbitrary real. As L|G,] = om(x,y%,af), we know that
there is an ag such that for every ag and so on there is an ag,_9 such that
LIG,] = ¥(x,y%, af, a1, ...,a2n—2). By case 1 in the definition of the itera-
tion, this translates to L[G,] E “(#,z,y?, ag, ai, ..., aap—2) is not coded”.
As a1 was arbitrary we can conclude that

LIG] = Valﬂag...ﬂa%_z((#w,x,yﬁ,ag,al, ..y A2p—2) 1s not coded )

as desired.
O

Lemma 4.2. Again Gy, denotes a generic filter for the entire, k-length iter-
ation.

1. If « is least such that
L[Gy] E Vai...3a2n,—2v¢(x,y*, af, ..., azn—2),
then

LGy E JaiVas.. Yasn—o2((#¢, z,y*, af, a1, az, ..., azn—2) is coded.)

2. If « is least such that
L[G,{] ': Val..aagn_gw((ﬂ, yo‘, a%, veey agn_g),
then

L|Gy] E Jai1Vaa.. Yag,—3((#¢, z,y*, ag, a1, az, ..., azp—3) is not coded.)

Proof. As « is the first ordinal for which
L[Gy] = VYai...3a2n—2v(z,y%, ag, ..., aan—2),

we know that V3 < «, L|G.] = Ja1Vas, ...,Vagn,g(—'@b(x,yﬂ,ag,al, ..)). In
particular, for every 8 < « there are reals af such that for every ag there are

reals ag and so on such that — holds. Using the bijection m,, we can find
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an ay; = Wa((af)/ka) which has the property that for any real ae there will

be a real az = ﬂa(a§)5<a) such that for any real a4 and so on — is true.
But this translates via the case 1 rule of our iteration to the assertion
that

L|Gi] E Ja1Vaa.. Yagn—o2((#, x,y%, af , a1, az, ..., azp—2) is coded.)
O

Lemma 4.3. In L|G,] the E}L+1-unz’f07’mization property holds true for every
n>1.

Proof. Let ¢ = JagVas...(¢(z,y, a0, a1, ...,azn—2)) be an arbitrary 3 . ;-
formula in two free variables where 9 is II3. Let z be a real such that there
is a real y with L[Gy] = ¢(z,y). We list all the triples (x, y*,a§) according
to our well-order <. Let a be least such that

LIGk] EVar...(¥(z,y% aj, a1, -..)).-
Then by the last Lemma
L[Gy] E JaiVas.. Yag,—o(#¢, z,y*, af, ...) is coded)

holds true. Note that this formula is 33 +1- By the penultimate Lemma,
for each 8 > «

LG, = Valﬂag...ﬂazn_g((#z/},x,yﬂ,a@al, ..) is not coded),

which is H%n—&—l
So (x,y®) is the unique pair satisfying the X3 1-formula

Jdao((VaiJas...Jagn—2 (W (z,y, ag, ...)A
—(Ya13ag...3a2,—2((#¢, x,y, ap, a1, ...a2,—2 is not coded))

Indeed

Lemma 4.4. L[G,] = BPFA.

Proof. This is standard. We show that H(ws)% (] is ¥-elementary in any
L[G.]F, where P is proper. We assume that the ¥;-formula 7(x,po, ..., pn)
can be forced to become true with a proper P € L[G,]. The choice of F
ensures that 7 and its parameters are considered at an even stage 8 < k of
our iteration. But P, * [P is suitable and witnesses that 7 can be forced to
become true. Hence we forced so that 7 becomes true already at stage 5 < k
and by upwards absoluteness of ¥1-statements the proof is done. O
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